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Abstract—This letter analyzes the performance of repetitionbased cooperative diversity wireless networks using amplifyand forward relaying, in which each relay has only statistical
knowledge of the source-relay link. The network channels are
modeled as independent, non-identical, Rayleigh distributed coefficients. The exact symbol error rate is derived using the moment
generating function (MGF). We derive the probability density
function and MGF of the total SNR. Then, the MGF is used to
determine the symbol error rate (SER). The diversity order of the
amplify-and-forward cooperation with partial statistical channel
state information is also found via the asymptotic behavior of
the average SER, and it is shown that the cooperative network
achieves full diversity. Our analytical results are confirmed by
simulations.
Index Terms—Wireless relay network, performance analysis,
cooperative communications.

I. I NTRODUCTION

C

OOPERATIVE diversity networks technique is a promising solution for the high data-rate coverage required
in future cellular and ad-hoc wireless communications systems. Several cooperation strategies with different relaying
techniques, including amplify-and-forward (AF), decode-andforward (DF), and selective relaying, have been studied in
Laneman et al.’s seminal paper [1]. Cooperative transmissions
have been categorized into space-time coded cooperation (see,
e.g., [2]–[5]) and repetition-based cooperation (see, e.g., [6]–
[8]).
In [7], the authors derived asymptotic average symbol
error rate (SER) for AF cooperative networks, when relays
have instantaneous channel state information (CSI). An exact
average SER analysis for a AF cooperative network (with
knowledge of instantaneous CSI at the relays) is presented in
[6]. Using scaling factors which depend on partial statistical
CSI in AF relays, i.e., each relay has only statistical knowledge
of the source-relay channel, were first proposed in [9]. In [3],
[10], [11], relays with partial statistical CSI are used in spacetime coded cooperation.
In this letter, we apply AF relaying with partial statistical
CSI to the case of repetition-based cooperation, in which R
amplifying relays retransmit the source’s signal in a timedivision multiple-access (TDMA) manner. We derive the exact
average SER of this system for M -PSK transmissions over
Rayleigh-fading channels. We first find closed-form expressions for the cumulative distribution function (CDF), probaManuscript received July 17 2008. The associate editor coordinating the
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bility density function (PDF) and MGF of the total SNR. Then,
the MGF is used to determine the average SER. We also derive
the diversity order of the AF cooperation with partial statistical
CSI via the asymptotic behavior of the average SER, and show
that the cooperative network presented in this paper achieves
full diversity order R + 1.
II. S YSTEM M ODEL
Consider a network consisting of a source, R relays, and
one destination. We denote the source-to-destination, sourceto-ith relay, and ith relay-to-destination links by f0 , fi , and
gi , respectively. Suppose each link has Rayleigh fading, independent of the others. Therefore, f0 , fi , and gi are complex
Gaussian random variables, which are jointly independent,
with zero-mean and variances σf20 , σf2i , and σg2i , respectively.
Similar to [1], our scheme requires two phase of transmission.
During the first phase, the source node transmits a signal s(n),
where n is the time index, to all relays and the destination.
The received signal at the destination and the ith relay from
the source in the first phase can be written as
√
(1)
y0 (n) = ε0 f0 s(n) + w0 (n),
√
ri (n) = ε0 fi s(n) + vi (n),
(2)
respectively, where ε0 is the average total transmitted symbol
energy of the source, since we assume the information bearing
symbols s(n)’s are normalized to one (M -PSK), and w0 (n)
and vi (n) are complex zero-mean white Gaussian noises
with variances N0 and Ni , respectively. Under repetitionbased amplify-and-forward cooperation, each relay scales its
received signal with the scaling factor αi . Then, the ith relay
retransmits the scaled version of the received signal towards
the destination in the ith interval of the second phase, i.e.,
yi (n) = gi αi ri (n) + wi (n),

(3)

where wi (n) is a complex zero-mean white Gaussian noise
with the variance of N0 . When there is no instantaneous CSI
at the relays, but statistical CSI of the source-to-ith relay link
is known, a useful constraint is to ensure that a given average
transmitted power is maintained. That is,

εi
,
(4)
αi =
2
ε0 σfi + Ni
where εi is the average transmitted power at relay i, such that
all relays transmits with the same average power.
Assuming maximum ratio combining (MRC) at the destination, the total received signal-to-noise ratio (SNR) can be
written as
R

γi ,
(5)
γd = γ0 +
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where γ0 = |f0 |2 ε0 /N0 is the instantaneous SNR between the
source and ith relay, and γi can be shown to be
|fi |2 |gi |2
γi =
,
Ai |gi |2 + Bi

(6)

for i = 1, . . . , R, where Ai and Bi are given by
Ai =

N0 (σf2i ε0 + Ni )
Ni
, Bi =
.
ε0
ε0 εi

(7)

III. P ERFORMANCE A NALYSIS
A. Exact Symbol Error Probability Expression
In this subsection, we will derive the SER formula of a
repetition-based relay network with noncoherent relays, using
the MGF method. First, we will derive the PDF of γi in (6).
This is needed for calculating the average SER.
Using the same procedure for calculating the CDF of
product of two exponential random variable which is given
in [3, Eq. (19)], and with the help of [12, Eq. (3.324)], the
to be  
CDF of γi in (6) can be presented


A γ
− σ2i
B
γ
B
γ
i
i
K1 2
, (8)
Pr{γi < γ} = 1 − 2 e gi
σf2i σg2i
σf2i σg2i
where Kj (x) is the modified Bessel function of the second
kind of order j [13]. Thus, the PDF of γi can be found by
taking the derivative of (8) with respect to γ, and using [14,
Eq. (24.55)], yielding
 

A γ
Bi γi
2Bi − σig2 i
i K
p(γi ) = 2 2 e
0 2
σfi σgi
σf2i σg2i
 


A γ
Bi γi − σig2 i
Bi γi
2Ai
i K
e
.
(9)
+ 2
1 2
σgi σf2i σg2i
σf2i σg2i
Recalling the independence of f0 , fi , and gi , the MGF of γd
in (5), i.e., Md (−s) = E{e−sγd }, can be written as
R

Mi (−s) ,
(10)
Md (−s) = M0 (−s)
r=1

where Mi (−s) is the MGF of γi in (6), while M0 (−s) =
1
is the MGF of γ0 . Considering (9), and with the
1+σf2 ε0 s/N0
0
help of [12, Eq. (6.643)], the MGF of γi can be calculated as
⎡
⎛
⎞
⎢
Mi (−s) = ⎣

Bi
Bi
⎠
W− 12 ,0 ⎝
Ai
2
2
(s +
) σfi σgi
(s + σ2 ) σf2i σg2i
g
i
i
⎛
⎞⎤
Bi
A
2
2(s+ 2i )σ2 σg
B
Ai Γ(2)
fi
i
i
σg
⎠⎦e
i
1⎝
,
W
+ 2
−1,−
Ai
Ai
2
2
2
σgi (s + σ2 )
(s + σ2 ) σfi σgi
gi

Ai
σg2

gi

(11)
where Wa,b (x) is Whittaker’s function of orders a and b (see
e.g., [13] and [12, Subsection 9.224]). Note that Whittaker’s
function can be presented in terms of a generalized hypergeometric function (see, e.g., [12, Eq. (9.220)]).
Using Md (−s), the the average SER for M -ary phase-shift
keying (M -PSK) can be written as [15, p. 271]
−1)π


 (MM
−ρ
1
Md
Pe (R) =
dφ,
(12)
π 0
sin2 φ

π
. The result of (12) can also be used
where ρ = sin2 M
to find average SER for nonconstant modulus transmissions
like M -ary amplitude modulation (M -AM and M -QAM as
indicated in [15, Eqs. (9.19) and (9.21)].

B. Diversity Analysis
In this subsection, we will study the achievable diversity
gain in a AF repetition-based network containing R relays
with partial statistical CSI at the relays.
A tractable definition of the diversity, or diversity gain, is
log (Pe (R))
, where μ is the SNR [16, Eq.
Gd = − lim
μ→∞
log (μ)
(1.19)].
Furthermore, (12) can be upper-bounded by Pe (R) ≤

1
Md (−ρ) < Md (−ρ) [15, p. 271]. Hence, we have
1− M
Gd ≥ − lim

μ→∞

log(Md (−ρ))
.
log(μ)

(13)

Therefore, using (10), we can find the diversity order
of repetition-based AF system in which relays have partial
statistical CSI as follows:
R
log (Md (−ρ))
k=0 log (Mk (−ρ))
Gd ≥ − lim
= − lim
μ→∞
μ→∞
log (μ)
log (μ)
R

log (Mk (−ρ))
.
(14)
lim
=−
μ→∞
log (μ)
k=0

For the simplicity in deriving the expressions and without
lose of generality, similar to [11], we assume equal power
allocation among the two transmission phases and among the
relays, i.e., ε0 = R εi , for i = 1, . . . , R, and Ni = N0 . Then,
0
by defining μ = N
ε0 , we have


log 1 + σf20 μρ
− log (M0 (−ρ))
= lim
= 1. (15)
lim
μ→∞
μ→∞
log (μ)
log (μ)
Now, for calculating (14) we need to solve
i (−ρ))
limμ→∞ log(M
, for i = 1, . . . , R.
log(μ)
With the help of the integral in [12, Eq. (9.22)], it can be
shown that Wβ, 12 +β (x) = x−β ex/2 Γ(2β + 1, x), where Γ(·, ·)
is the incomplete gamma function [12, Eq. (8.350)]. On the
other hand, the incomplete gamma function can be represented
as exponential integrals En (x) = xn−1 Γ(1 − n, x), where n is
an integer [13, Eq. (5.1.45)]. Thus, we can represent W− 12 ,0 (·)
and W−1,− 12 (·) in terms of exponential integrals, En (·):
1

x

x

W− 12 ,0 (x) = x 2 e 2 E1 (x), W−1,− 12 (x) = e 2 E2 (−x). (16)
Therefore, Mi (−ρ) in (11) can be rewritten as
⎡
⎛
⎞
Bi
A
2
(ρ+ 2i )σ2 σg
B
B
f
i
i
⎠
Mi (−ρ) =e σgi i i ⎣
E1⎝
(ρ+ σA2i )σf2i σg2i
(ρ+ σA2i )σf2i σg2i
g
g
⎛ i
⎞⎤i
Bi
Ai Γ(2)
⎠⎦ .
(17)
+ 2
E2⎝
σgi (ρ + σA2i )
(ρ + σA2i ) σf2i σg2i
gi

gi

Furthermore, using [13, Eq. (5.1.11)], the series representation of Ei (x), for x > 0, can be expressed as
E1 (x) = −κ − log(x) −

∞

−xk
k=1

E2 (x) = e−x + κ x + x log(x) +

k k!

∞

(−x)k+1
k=1

(18)

,

k k!

.

(19)

where κ is Euler’s constant, i.e., κ ≈ 0.5772156 [12]. Then,
using (18) and (19), and by defining Ci = μρRσ2 , we have
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R = 1, 2, 3 and we have averaged the error rate over 200 000
fading realization. The analytical results are based on (12).
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Performance analyzes for AF cooperative networks with
noncoherent relays over independent, non-identical, Rayleigh
fading channels has been investigated. The closed-form expressions for the CDF, pdf, and MGF of the total received SNR
at the destination have been derived. Then, we have computed
the exact SER of a repetition-based cooperative network with
R parallel relays and M -PSK signaling using the gain in (4).
Using the asymptotic analysis of the SER expression, we have
shown that this cooperative network achieves full diversity
order R + 1. Simulations are in accordance with analytic
results.

εT / N0 [dB]

Fig. 1. The average SER curves of relay networks employing repetition-based
transmission with scaling factor in (4) and BPSK signals.

− log (Mi (−ρ))
lim
μ→∞
log (μ)



− log eCi Ci E1 (Ci ) + 2Aσi2Γ(2)
E
(C
)
2
i
gi g
= lim
μ→∞
log (μ)


− log eCi Ci E1 (Ci )
= lim
μ→∞
log (μ)
Ci + log (Ci ) + log (− log (Ci ))
= 1.
(20)
= lim −
μ→∞
log (μ)
In the last equation, we have used the l’Hôpital’s rule. As a
result, by substituting (15) and (20) in (14), we find that the
system provides full diversity, i.e., Gd = R + 1.
IV. S IMULATION R ESULTS
In this section, we show numerical results of the analytical
SER for binary phase shift keying (BPSK) modulation. We
plot the performance curves in terms of average SER versus
the total
SNR of the transmitted signal (εT /N0 ), where εT is 
R
transmitted power during two phases, i.e., εT = ε0 + i=1 εi .
We use the block fading model and it is assumed that the
relays and the destination have the same value of noise power
(Ni = N0 ). We assume all the source-relays and relaysdestination links have unit-variance Rayleigh flat fading, i.e.,
σf2i = σg2i = 1, and the direct source-destination has doubled
distance as source-relays link, which by assuming path loth
exponent 2, σf20 = 1/4. Furthermore, we assume equal power
allocation scheme, i.e., ε0 = R εi , for i = 1, . . . , R, which is
a reasonable choice [7], [10].
Fig. 1 confirms that the analytical SER expressions in
Subsection III-A for finding the average SER have similar
performance as simulation result. We consider a network with
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